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Examples of QIITs

Con : Set

Ty : Con → Set

• : Con

–▷ – : (Γ : Con) → Ty Γ → Con

U : Ty Γ

El : Ty (Γ▷ U)

Σ : (A : Ty Γ) → Ty (Γ▷ A) → Ty Γ

eq : Γ▷ Σ A B = Γ▷ A▷ B

Other examples: Cauchy real numbers, partiality monad, intrinsic
syntax for programming languages
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What is a QIIT?

A context in the universal QIIT.

Universal QIIT is a syntax for a small type theory

Example: Nat : U, zero : El Nat, suc : Nat ⇒ El Nat

All QIITs can be constructed from the universal QIIT (Kaposi,
Kovács, Altenkirch, POPL 2019)
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Is this definition circular?

A model of type theory supports the universal QIIT:

▶ notion of algebra

▶ notion of homomorphism

▶ there is an algebra (constructor)

▶ for every other algebra there is a homomorphism from the
constructor to that algebra (recursor)

▶ the recursor is unique

Rest of this talk:

▶ How to express all of these for a model of type theory

▶ Define a model which supports the universal QIIT

▶ Everything was formalised in Agda
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Model of type theory (i)

CwF with extra structure:

Con : Set

Ty : Con → Set

Sub : Con → Con → Set

Tm : (Γ : Con) → Ty Γ → Set

Π : (A : Ty Γ) → Ty (Γ▷ A) → Ty Γ

lam : Tm (Γ▷ A) B → Tm Γ (Π A B)

app : Tm Γ (Π A B) → Tm (Γ▷ A) B

...
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Model of type theory (ii)
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A model supports a QIIT: algebra

Con : Set Cons : Ty •
Ty : Con → Set Tys : Ty (• ▷ Cons)

Sub : Con → Con → Set Subs : Ty (• ▷ Cons ▷ Cons [ϵ])

Tm : (Γ : Con) → Ty Γ → Set Tms : Ty (• ▷ Cons ▷ Tys)

• : Con •s : Tm • Cons

– ▷ – : (Γ : Con) → Ty Γ → Con ▷s : Tm (• ▷ Cons ▷ Tys) (Cons [ϵ])

U : Ty Γ Us : Tm (• ▷ Cons) Tys

El : Tm Γ U → Ty Γ Els : Tm (• ▷ Cons ▷ Tms [id,Us]) (Tys [wk1])

Π : (a : Tm Γ U) → Πs : Tm (• ▷ Cons ▷ Tms [id,Us]

Ty (Γ ▷ El a) → Ty Γ ▷ Tys [ϵ,▷s [wk1,Els]]) (Tys [wk2])

...
...
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A model supports a QIIT: implementation
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A model supports a QIIT: implementation
(arbitrary model)
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A model supports a QIIT: homomorphism

ConM : Con1 → Con2 ConM : Tm (• ▷ Con1) (Con2 [ϵ])

TyM : Ty1 Γ → Ty2 (ConM Γ) TyM : Tm (• ▷ Con1 ▷ Ty1) (Ty2 [ϵ,Con
M [wk1]])

SubM : Sub1 Γ ∆ → SubM : Tm (• ▷ Con1 ▷ Con1 [ϵ] ▷ Sub1)

Sub2 (ConM Γ) (ConM ∆) (Sub2 [ϵ,Con
M [wk2],ConM [ϵ, v1]])

TmM : Tm1 Γ A → TmM : Tm (• ▷ Con1 ▷ Ty1 ▷ Tm1)

Tm2 (ConM Γ) (TyM A) (Tm2 [ϵ,Con
M [wk2],TyM [wk1]])

•M : ConM •1 = •2 •M : Tm • (Id (ConM [ϵ, •1]) •2)

▷M : ConM (Γ ▷1 A) = ▷M : Tm (• ▷ Con1 ▷ Ty1)

(ConM Γ) ▷2 (Ty
M A) (Id (ConM [ϵ,▷1])

(▷2 [ϵ,Con
M [wk1],TyM]))

...
...
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The setoid model
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Implementation IIT (i)
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Implementation IIT (ii)
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Constructors
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Recursor
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Uniqueness
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Conclusion

A QIIT is a context in the universal QIIT

All QIITs can be reduced to the universal QIIT

We showed that the setoid model of type theory supports the
universal QIIT

All of this formalised in Agda, links in the pdf abstract
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Further work

Infinitary QIITs

Equalities of sorts

Reduction rules of arbitrary QIITs constructed from the universal
QIIT

any QIIT univ. QIIT impl. IIT

any QIIT impl. IIT

no β-rules

β-rules?

24 / 24


	Quotient inductive-inductive types (QIITs)
	Specification of QIITs in a model
	The setoid model
	Implementation of the universal QIIT in the setoid model
	Conclusion

