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Overview

A quotient inductive-inductive type (QIIT) signiture is a context
in the universal QIIT

All QlITs can be reduced to the universal QIIT

We show that the setoid model of type theory supports the
universal QIIT



Examples of quotient
inductive-inductive types (QlITs)



Examples of QlITs

Con : Set
Ty :Con — Set
. : Con

->-:(F:Con)—> Tyl - Con

Uu Tyl
ElL Ty (T U)
> A TYN) > Ty(FTr=A) > Tyl

eq :f'>2AB=T>Ar>B

Other examples: Cauchy real numbers, partiality monad,
intrinsic syntax for programming languages



What is a QIIT in general?

There is a QIIT called the universal QIIT

This is a syntax for a small type theory

A signature for a QIIT is a context in the universal QIIT
Example: Nat : U, zero : EL Nat, suc : Nat = El Nat

ALl QIITs can be constructed from the universal QIIT



The universal QIIT in a model

A model of type theory supports the universal QIIT:

- notion of algebra

+ notion of homomorphism

- there is an algebra (constructor)

- for every other algebra there is a homomorphism from the
constructor to that algebra (recursor)

- the recursor is unique



The universal QIIT in a model

A model of type theory supports the universal QIIT:

- notion of algebra

+ notion of homomorphism

- there is an algebra (constructor)

- for every other algebra there is a homomorphism from the
constructor to that algebra (recursor)

- the recursor is unique

Rest of this talk:

- How to express all of these for a model of type theory
- Define a model which supports the universal QIIT
+ How we implemented this in Agda



Specification of the universal QIIT in
a model



Model of type theory

CwF with extra structure:

Con : Set

Ty :Con — Set

Sub : Con - Con — Set

Tm :(F:Con) > Ty T — Set

Nn :(A:TyNo>Ty(T=A)> Tyl
lam : Tm (F>A)B - Tm (1 A B)
app:TmT(MAB) - Tm (I >A)B



A model supports the universal QIIT: algebra

Con
Ty
Sub

: Set

: Con — Set

: Con —» Con — Set
:(F:Con)—> Tyl — Set
: Con
:(F:Con)—> Tyl - Con
Ty T

TmTuU->Tyrl
(@a:TmruU) >

Ty(T>Ela)>TyT

Con® :

Sub® :

TmS

DS
US
EL
ns

Ty o

: Ty (o> Con®)

Ty (o> Con® > Con®[€])

: Ty (o> Con® > Ty®)

:Tm « Con®

: Tm (e > Con® > Ty®) (Con® [€])

: Tm (e > Con®) Ty®

: Tm (e > Cons > TmS [id, US]) (Ty® [wk'])
: Tm (e > Con® > Tm* [id, U®]

B> Tys [, 5 [wk", EL5T]) (Ty® [wk?])



A model supports the universal QIIT: implementation

M™ : V Cons Tys Tms - »T Con® Tys - V Us - ELT Con® Tys Tms Us - Set:
7™ Cons Tys Tms »s Us ELls = Tm N< MR

module NT where

open ConT

open TyT Cons

open Tm™ Cons Tys

open »" Cons Tys

open UT Cons Tys

open ELT Cons Tys Tms Us

Nn-r = Cons

MN-a=Tms [ < Us > T

N-B=Tys [ € ,( Ty-I ) »= [ wk® M-a ,{ »-A ) Els ]t T
e = e MN-Ie>nN-ar>nN-B

MR = Tys [ wk? N-a N-B ]T



A model supports the universal QIIT: impl. (arbitrary model)

™ : V Cons Tys Tm® - »T Con® Ty® - V Us - ELT Con® Ty Tms Us - Set:
7™ Cons Tys Tms »s Us ELls = Tm N M®
module N7 where

open
open
open
open
open
open
n-r
MN-a
n-B

nc
nR

ConT™
Ty™ Cons
Tm™ Cons Tys
»" Cons Tys
U™ Cons Tys

ELT Cons Tys Tms Us

Cons

Tms [ < Us > 1T

Tys [ €, coe (ap (Tm ) ([1[1T wap (_ [_IT) &n))

(»s [ wk , Els 1t) 1T

e > TM-I>MN-ap>MN-B

Tys [ wk? IT



A model supports the universal QlIT: homomorphism

ConM :
TyM
SubM :

:Tm TA - TmM

:ConMe =, oM

s ConM (M=, A) = >M

Con, - Con, ConM :
:Ty; T = Ty, (Con™T) M
Sub, TA— SubM :

Sub, (Con™ T) (Con™ A)

Tm, (Con™ T) (TyM A)

(Con™ ) >, (TyM A)

Tm (e > Con,) (Con, [€])

£ Tm ( > Con, & Ty,) (Ty, [€, Con™ [wk' 1)

Tm (e« > Con, > Con, [€] > Sub;,)
(Sub, [, Con™ [wk?], Con™ [€, v1]])

:Tm (s > Conq > Ty, > Tmy)

(Tm, [€, Con™ [wk?], Ty" [wk1])

:Tm « (Id (Con™[g, +1]) +,)
: Tm (e > Con, > Ty,)

(1d (Con™[€, >4])
(>, [e, Con™ [wk'], Ty"]))



The setoid model




The setoid model (i)

(I : Con;) :=4

([T

refl;

sym

[trans; :

: Set;

2Tl = |F| - Prop;
t(yef)»Tyy

YoV =2 Tv1 Yo

CYoVa 2T vViVa=2T v V2
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The setoid model (ii)

(A:Tyj r):=4

(t: TmTA):=

[A] 2T — Set;
A" 1T YoV = [Alvo = [Al yq — Prop;
refl, :(a:|Aly)—> A (reflry)aa
sym, A" Yo g G = A” (SYM[ ¥oq) G Gg
transy : A" Y91 Qg @y = A" Y204 Gy =
A (transr Yoq Y12) G 0z
coeg T vovq = |Alvo = |Alv4
cohy 1 (Yor 1 T Yo v) = (a: |Al vg) —
A" Yo1 a(coey Yoq Q)
[t]:(y: [T~ Ay
t (Vo1 1 T Yo ¥1) = A" vor Qg a4

n



Implementation of the universal QIIT
in the setoid model




Implementation 11T (i)

data Con : Set:

data Ty : Con - Set:

data Sub : Con - Con - Set:

data Tm : (I : Con) - Ty I' - Seta
data Con~ : Con - Con - Prop:

data Ty~ : V {le M1} - Con~Te N1 » Ty Fe - Ty M1 - Prop:
data Sub~ : V {le M1} - Con~Toe N1 » ¥ {Ao A1} » Con~ Ae A1 - Sub o Ae - Sub 1 A1 - Prop:
data Tm~ : V {Fe M} (Fex : Con~ e M) {Ae A1} - Ty~ Fe1 Ae A1 - Tm e Ao - Tm N1 A1 - Prop:

data Ty where
u TV} Ty r
ELl V{r}-Tmru-Tyr
n VvV {r¥(a:Tmru)-Ty (FC»Ela)->TyTl
Id VYV {f}a:TmruU)(uv:Tml (ELa)) - Ty
v
v

<<

T {rA} ~TyA-SublA-Tyrl
coerce : {fe F1} »Con~Toe 1 - Ty Fe » Ty M
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Implementation 1T (ii)

data Ty~ where
rflT V¥V {I A} - Ty~ {I'}{r} rflC A A
symT @ V {Fo 1 Fo1 Ae A1} - Ty~ {Fe}{l1} Fe1 Ao A1 - Ty~ (symC Fe1) A1 Ao

trsT V {Fo M1 Iz Tox M12}{Ae A1 A2} - Ty~ {le}{l1} Fe1 Ae A1 - Ty~ {[1}{l2} M2 A1 Az
- Ty~ (trsC Fe1 F12) Ao A2
cohT V {Fo M}(Fex : Con~To MN)(A : Ty le) - Ty~ Fe1 A (coerce lo1 A)
U~ :V {le 1 Te1} - Ty~ {Fe}{l1} Fex U U
El~ :V {le M1 Tea}{te : Tm Me U}{tx : Tm M2 U} - Tm~ Moz U~ to t1 - Ty~ Moz (EL te) (EL t1)
u[l ¢V {l A}{o : Sub I A} -» Ty~ rflC (U [ o ]T) U
EL[] :V {r A}{o : Sub I A}{a : Tm A U}

- Ty~ rflC (EL a [ 0 ]T) (EL (coerce rflC U[] ((a [ 0 1))))



Constructors

Tys : TyT Cons

| Tys [T _,ZTs =S.Ty Ts
Tk~ Tys (_,p s~) = S.Ty~ I's~
refT Tys _ = S.rflT

symT Tys = S.symT

transT Tys = S.trsT

coeT Tys (_ ,p I~%) = S.coerce I~*
cohT Tys (_ ,p F~%) = S.cohT TI~*
Us : UT Con® Tys

| Us |t _=S.U

~t Us = S.U~

Els : ELlT Cons Tys Tms Us

| ELs |t (_,X As) =S.EL As
~t El*  (_ ,p A~*) = S.El~ A-~®
U[]® : U[]T Con* Ty* Subs []Ts U=
| U[1s |t = liftp S.U[]

~t U[]s = B

EL[]® : EL[]T Con® Tys Subs Tms []Ts []® Us El® U[]°®
| EL[]® |t _ = liftp S.EL[]
~t EU[]® = _



Recursor and uniqueness

The recursor in the empty context can be defined by recursion
over the IIT

The recursor can be lifted to any context using a N type where
the domain is the context

Substitution laws and uniqueness of the recursor are proved by
induction over the IIT

Agda still has not finished type checking the proof of
uniqueness

15



Conclusion




Conclusion

A QIIT is a context in the universal QIIT
All QIITs can be reduced to the universal QIIT

We showed that the setoid model of type theory supports the
universal QIIT
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Future work

Equalities of sorts

Reduction rules of arbitrary QlITs constructed from the
universal QIIT.

any QlIT univ. QT impl. 11T
° > >®
propositional B-rules

any QlT impl. T
° >®
definitional B-rules?
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