Second-order generalized algebraic theories

Szumi Xie
Joint work with Ambrus Kaposi

EGtvos Lorand University (ELTE)

7th World Logic Day, Budapest, 2025



Overview

Examples of (SO)(G)ATs
Algebraic theories
Generalized algebraic theories
Second-order algebraic theories
Second-order generalized algebraic theories

SOGAT - GAT translation

Summary



Examples of (SO)(G)ATs



Algebraic theories



Algebraic theory - monoids

Mis a set

—e=:MxM->M

ceeM

forall x,y,ze M, (x-y)-z=x-(y-2)
forallxeM,e-x=x
forallxe M, x-e=x



Algebraic theory - monoids

M . Set
-= :M>M->M
€ M

assoc : (X,y,z: M) - (x-y)-z=x-(y-2)
idl :(x:M)->e-x=x
idr :(x:M)> x-e=x



Algebraic theory - combinator calculus

: Set

:Tm—>Tm - Tm

:Tm

:Tm

t(K-x)-y=x
t((S-x)-y)-z=(x-2)-(y-2)



Algebraic theory - Boolean algebras

(xAy)Az=xnA(yA2)

A : Set A R -1=0
X = X

1 A y=Y -0=1
XAX=X

0 T A a=X = X
TAX=X

-- A A “(XAY)=-XxV-y

AsA—A 0nx=0 (XVY) = =X A
—/\—: —_ —_ (X y:-|X -|y
XVY)ANzZ=(XNZ2)V(YAZ
-Vv-A->A->A ( ) ( )Vyaz) XN-x=0

(xvy)ny=y



Generalized algebraic theories



GAT - graphs

V : Set
E:V->V-> Set



GAT - categories

Ob : Set
Hom : Ob —» Ob — Set
-o- :HomBC > HomAB - HomAC

id :HOomAA
assoc : (fog)oh=7fo(goh)
idl tidof=f

idr  :foid=f



GAT - minimalistic combinatory logic

For : Set
- = - For - For — For

Pf : For — Set

MP :Pf(A= B)—> PfA—> PfB

Ax1 :Pf(A= B = A)

A2 :Pf(A=B=C)=>(A=B)= (A= ()



Second-order algebraic theories



SOAT - lambda calculus

Tm : Set
---:Tm—>Tm - Tm
lam : (Tm - Tm) -» Tm
B :(lamt)-u=tu

(AX.X) : Tm - Tm
lam (Ax. x) : Tm

lam (Af.lam (Ax. f - (f - x))) : Tm
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SOAT - formulas of first-order logic

Tm : Set

For :Set

T : For

1 : For

- : For - For

-N- :For - For - For Y (Ax.Y (\y.Eq xy = Eqy x)) : For
-v- :For - For —» For

- = -: For = For - For
v :(Tm — For) - For
3 :(Tm - For) - For
Eq :Tm - Tm - For
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Second-order generalized algebraic theories
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SOGAT - minimalistic propositional logic

For :Set
- = - : For - For — For

Pf : For - Set
=lim - Pf(A= B) » PfA - PfB
=intro - (PFA > PfB) - Pf(A = B)
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SOGAT - minimalistic first-order logic

Tm
For

_:_

Eq
Pf

=intro

Vintro

: Set

: Set

: For - For — For
:(Tm - For) — For
:Tm - Tm - For

: For —» Set
: (PfA - PfB) & Pf(A = B) : =qim
:((t: Tm) > Pf(At)) & PF(VA) : Yeiim



SOGAT - GAT translation




Algebras form a complete & cocomplete category

Initial algebra is the syntax



Second-order models?

Model:

Tm : Set
---:Tm>Tm - Tm
lam : (Tm - Tm) » Tm
B :(lamt)-u=tu



Second-order models?

Model:

Tm : Set
---:Tm>Tm - Tm
lam : (Tm - Tm) » Tm
B :(lamt)-u=tu

Homomorphism:
f:Tmy - Tmg

f(tau) =(ft)-s(fu)
f(lamy t) = lamg (Ax. f (t 7))

t:Tmy - Tmy x:Tmg



SOGAT - GAT translation

GAT k///// ) \\\\\j
A\:::i$SOGATk////

SOAT



SOGAT - GAT translation - propositional logic

SOGAT GAT
For, - = -
Pf : For - Set

=elim - PF(A= B) » PfA - PfB

=intro - (PFA —» PfB) - Pf(A = B)
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SOGAT - GAT translation - propositional logic

SOGAT GAT
For, - = -
Pf : For - Set

=elim - PF(A= B) » PfA - PfB

Sintro - (PFA > PfB) > Pf(A=B) =4, :Pf(T>A)B - PfT (A= B)

20



SOGAT - GAT translation - propositional logic

SOGAT GAT
For, - = - For, - = -
Pf : For —» Set

=elim - PF(A= B) » PfA - PfB

Sintro - (PFA > PfB) » Pf(A= B) =40 : Pf(T>A)B - PfT (A= B)

20



SOGAT - GAT translation - propositional logic

SOGAT GAT
Con

For, - = - For, - = -

Pf : For = Set Pf : Con = For — Set
-p- :Con — For —» Con

=oim : PF(A=> B) » PfA—» PfB =eim - PFT(A=B) > PfTA— PfIB

Sintro - (PFA > PfB) » Pf(A= B) =40 : Pf(T>A)B - PfT (A= B)

20



SOGAT - GAT translation - propositional logic

SOGAT GAT
Con, Sub, ¢ (category with terminal object)
For, - = - For, - = -
Pf : For —» Set Pf : Con - For — Set
-[-] :PfTA—-SubATl - PfAA (functorial)
->- :Con = For = Con
(SubAT xPfAA)=SubA(I'>A)
Soim  PF(A=B) > PfA—> PfB =, : PFT(A=B) > PfTA— PfIB
(= elim t U)[O] = = ¢im (t[o]) (u[a])
Sintro - (PFA > PfB) » Pf(A= B) =40 : Pf(T>A)B - PfT (A= B)

(:>intr0 t)[O] = intro (t[0+])
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SOGAT - GAT translation - propositional logic

SOGAT GAT
Con, Sub, ¢ (category with terminal object)
For, - = - For, - = -
Pf : For —» Set Pf : Con — For — Set
-[-] :PfTA-SubATl - PfAA (functorial)
->- :Con - For -» Con

(Sub AT xPfAA)=Sub A (I'>A)
Seim :PF(A=B) > PfA—>PfB =g, : PfT(A=B) > PfTA— PfIB

(=>elim t U)[O] = Selim (t[O']) (U[O'])
Sintro - (PFA > PfB) » Pf(A= B) =40 : Pf(T>A)B - PfT (A= B)

(=>intro t)[o] = =intro (t[0+])
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SOGAT - GAT translation - first-order logic

SOGAT GAT
Con, Sub, ¢
Tm : Set Tm : Set

-D>1, - Con — Con
For : Set For : Con - Set

Pf : For — Set Pf : Con = For — Set
-D>pr- : Con = For — Con

O D1y DprADtm DpsB 1 Con
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Summary




In our paper™:
- The theory of (SO)GAT signatures
- Two different translations: parallel and single
« Correctness of translation wrt standard presheaf model

Future work:
« Equivalence of the two translations
- Translation with combinators (no context)
« Prove things on the SOGAT level

TKaposi and Xie, “Second-Order Generalised Algebraic Theories: Signatures and First-Order
Semantics”, 9th International Conference on Formal Structures for Computation and Deduction

(FSCD 2024).
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